Math 112 (071) Fall 2010 Quiz 7 Practice Problems
Problems & Solutions

Example 1
Differentiate and simplify p (8) = sin* 30

Solution

Write the function as
p (6) = [sin (30)]*

Then using the Chain Rule gives

p' (8) = 4 [sin (30)]° [cos (30)] (3) = 12sin> 36 cos 36

Example 2
dq tan? 3u
Find — forg = ————.
12w T T secsu

Solution
Using the Quotient Rule followed by the Chain Rule as in the previous problem gives

du  2tan3usec?3u(3) (1 + sec3u) — tan? 3u sec 3u tan 3u(3)
dg (1 + sec3u)?

_ 3tan3usec3u (2sec3u + 2sec? 3u — tan® 3u)

B (1 +sec 3u)2

_ 3tan3usec3u (2sec3u + sec? 3u + 1)

B (1+sec 3u)2

since sec?§ = 1+ tan? 0 = sec? — tan? 60 = 1.

Example 3

Find the equation of the tangent line to the curve y = x tan x at the point on the graph where x = Z. Give

your answer in exact form, that is, without using decimal approximations. Recall that tan (§) = 1 and
Ty - 1

cos () = 7

Solution

First find % Using the Product Rule gives

d
4y = tanx—!—xseczx
dx

Then the slope of the tangent line is

_ 4y

m= :tan(%)+%secz(%):l+

NI

x=rm/4
since tan () = 1 and sec (¥) = V2 = sec? (¥) = 2. Further, for x = 7 the y-coordinate is y = ¥. So the
equation of the tangent line is

2

V-F=(+DE-P o=+ Pr-F
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Example 4

Lety = ¢! cost.

. dy

(a) Find a3
Solution

Using the Product Rule gives

% = el cost —e'sint = e (cost —sint)
L d%y
Solution

Using the result from the previous part we have

2
ZTZ = ¢! (cost —sint) + e’ (—sint — cost) = —2¢' sint
- . . . d%y dy
(c) Show that y satisfies the second order differential equation Fra ZE +2y=0.

Solution
Using the results from parts (a) and (b) gives
dy _dy

i E+2y: —2¢'sint — 2¢! (cost — sint) + 2¢' cost = 0

Example 5

Find the derivative of each function.
(@) f(x) = xarctan (e*)

Solution
f'(x) = arctan (e*) + x S arctan (e*) + _xer
N 1+ (ex)?) 1+ e
(b) g(y) = arcsin (/)
Solution
oy 1 1,-1/2\ _ 1 1
§ly) = ——— (zy )

1 (V7) N NN
(¢) w = arctan (2sinv)
Solution

diwi 2cosv ~ 2cosv
do 14 (2sinv)?  1+4sin’v
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Example 6

Find W if
dx
X 2

x+y:y

(@)

Solution

Taking the derivative of both sides, remembering that y is a function of x and using i’ in place of Z—Z
gives
(x+y) —x(1+y')

Gagr - W =y =2y (k)

Solving for y' gives

d
xy 2y (x+yP =y [x+2(+y)?| =y = =Y =

(b) y=tan/x2+y2

Solution
d
Taking the derivative of both sides, remembering that y is a function of x and using v’ in place of %
gives
-1/2
Y = sec® /a2 +y? [% (@+v?) (ZHZyy’)]
x+yy
= sec’ \/x2 +
4 (vxz +y? )
Solving for y' gives
¥\ /22 + 12 = xsec? \/x2 + 2 + yy sec? \/x2 + 12
=y ( X2+ 2 —ysec? | /x2 +y2> = xsec? \/x2 + 12
:>7y ;o xsec? \/x2 + 12
ix Y VX2 +y2 —ysec? \/x% + 2
() xe?¥ =y
Solution
d
Taking the derivative of both sides, remembering that y is a function of x and using v/’ in place of %

gives
eVt xe” (y+xy') =y = eV +aye + x*ye =y

Solving for y' gives

d e (1+ xy)
/ A 2xY )\  LxY l: I _ Y
y (1 x“e ) eV (1+xy) = g =Y T 2207y
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Example 7

Consider the curve with equation y> — 3xy? = 9 — 3x2y.

(@)

(b)

Find an equation of the tangent line to the curve at the point P (1, 3).
Solution

We first need to find Z—Z to obtain the slope of the tangent line. Using implicit differentiation gives

3y%y — 3y* — 6xyy’ = —6xy — 3x°y = v/ (Byz —6xy — 3x2> = 3> — 6xy

@_ ! y(y—Zx)
jdx_y_y2—2xy—x2

Make sure that the point P (1, 3) lies on the curve. Plugging into the equation gives
33 - 3(1) (32) :9—3(12) (3)=27-27=9-9=0=0
So P (1,3) lies on the curve since it satisfies the equation of the curve. The slope at P (1,3) is

_3(2-1) 3

x=1y=3 9—-6+1 4

dy
dx

So the equation of the tangent line at P (1,3) is

H=\O

x+

FNI®)

y-3=3x-)=}x-}=>y=

Find the point(s) on the curve where the tangent line is horizontal.

Solution

For the tangent line to be horizontal, the slope of the tangent line must be zero. This is the case if the
numerator of the derivative is zero. This gives

y(y—2x) =0=y=0o0ry =2x

Note that y = 0 is not a possible solution to the equation of the curve, so the only other possibility is
y = 2x. Plugging this back into the equation of the curve gives

87— 3x (427) =9-3x2 (2x) = 2° =9 = x = 136

So the point on the curve where the tangent line is horizontal is (% /36, v/ 36) .



